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Covariance and Standard Deviation

Definitions:
Sample Covariance:

Cov(X , Y ) = 1
n − 1

n∑
i=1

(Xi − X̄ )(Yi − Ȳ )

Sample Standard Deviations:

σX =

√√√√ 1
n − 1

n∑
i=1

(Xi − X̄ )2, σY =

√√√√ 1
n − 1

n∑
i=1

(Yi − Ȳ )2
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Cauchy-Schwarz Inequality

The Cauchy-Schwarz inequality states:( n∑
i=1

AiBi

)2

≤

( n∑
i=1

A2
i

)( n∑
i=1

B2
i

)
,

where Ai = Xi − X̄ and Bi = Yi − Ȳ .

This leads to:
(Cov(X , Y ))2 ≤ σ2

X σ2
Y

|Cov(X , Y )| ≤ σX σY .
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Standard Deviation

Given data
X = {1, 2, 3, 4, 5}, Y = {5, 4, 3, 2, 1}

Step 1: Compute Standard Deviations

X̄ = 3, Ȳ = 3

σX =

√√√√1
4

5∑
i=1

(Xi − 3)2, σY =

√√√√1
4

5∑
i=1

(Yi − 3)2

σX = σY =
√

1
4 [(−2)2 + (−1)2 + 02 + 12 + 22]

σX = σY =
√

1
4 (4 + 1 + 0 + 1 + 4) =

√
10
4 =

√
2.5 ≈ 1.58

σX xσY = 1.58x1.58 = 2.50
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Given data
X = {1, 2, 3, 4, 5}, Y = {5, 4, 3, 2, 1}

Compute Covariance

Cov(X , Y ) = 1
4

5∑
i=1

(Xi − 3)(Yi − 3)

= 1
4 [(−2)(2) + (−1)(1) + (0)(0) + (1)(−1) + (2)(−2)]

= 1
4 [−4 − 1 + 0 − 1 − 4] = −10

4 = −2.50

Results:
|Cov(X , Y )| = 2.50, σX xσY = 1.58x1.58 = 2.50

|Cov(X , Y )| ≤ σX σY .
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Covariance Calculation

Given Data:
X = {1, 2, 3, 4, 5}, Y = {5, 2, 3, 4, 1}

Step 1: Compute the Means

X̄ = 1 + 2 + 3 + 4 + 5
5 = 3, Ȳ = 5 + 2 + 3 + 4 + 1

5 = 3

Step 2: Compute Covariance

Cov(X , Y ) = 1
n − 1

n∑
i=1

(Xi − X̄ )(Yi − Ȳ )

Substitute X̄ = 3 and Ȳ = 3:

Cov(X , Y ) = 1
5 − 1 [(1 − 3)(5 − 3) + (2 − 3)(2 − 3) + (3 − 3)(3 − 3) + (4 − 3)(4 − 3) + (5 − 3)(1 − 3)]
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Covariance Calculation

Simplify each term:

= 1
4 [(−2)(2) + (−1)(−1) + (0)(0) + (1)(1) + (2)(−2)]

= 1
4 [−4 + 1 + 0 + 1 − 4]

= 1
4 (−6) = −1.50

Result:
Cov(X , Y ) = −1.5 σX xσY = 1.58x1.58 = 2.50

|Cov(X , Y )| ≤ σX σY .
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Step-by-Step Sample Covariance Calculation
Given:

x = {1, 2, 3, 4, 5}, y = {1, 2, 3, 4, 5}
Sample size: n = 5
Mean of x and y :

x̄ = 1 + 2 + 3 + 4 + 5
5 = 3, ȳ = 1 + 2 + 3 + 4 + 5

5 = 3

Sample covariance:

Cov(x , y) = 1
5 − 1

5∑
i=1

(xi − 3)(yi − 3)

Substituting values:

Cov(x , y) = 1
4 [(1 − 3)(1 − 3) + (2 − 3)(2 − 3) + (3 − 3)(3 − 3) + (4 − 3)(4 − 3) + (5 − 3)(5 − 3)]

Cov(x , y) = 1
4 [4 + 1 + 0 + 1 + 4] = 10

4 = 2.5

|Cov(X , Y )| ≤ σX σY .
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